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Abstract
Over the 21 years of funding we have pursued several projects related to earthquakes, dam­
age and nucleation. We developed simple models of earthquake faults which we studied 
to understand Gutenburg-Richter scaling, foreshocks and aftershocks, the effect of spatial 
structure of the faults and its interaction with underlying self organization and phase tran­
sitions. In addition we studied the formation of amorphous solids via the glass transition. 
We have also studied nucleation with a particular concentration on transitions in systems 
with a spatial symmetry change. In addition we investigated the nucleation process in 
models that mimic rock masses. We obtained the structure of the droplet in both homoge­
neous and heterogeneous nucleation. We also investigated the effect of defects or asperities 
on the nucleation of failure in simple models of earthquake faults.

Key words - Homogeneous nucleation, heterogeneous nucleation, fluctuations, defects, 
asperities, Gutenburg-Richter scaling, Omori’s law, aftershocks.

The structure of this report is as follows. I will describe the highlights of the research over 
the past 21 years describing the main results. This will be an overview stressing the most 
important aspects of the research. I will describe the research of the last four years of the 
funding in greater detail. I have listed the publications, graduate students and post docs 
and where they are employed at present.

Some Statistics

Over the 21 years of funding from the DOE there have been 16 graduate students and 2 
post docs that have been fully or partially funded by the DOE grant. There have been 
66 articles published in refereed journals(including 13 in Physical Review Letters) and 
two that have been submitted. There have also been 13 review articles and conference 
proceedings. There have also been approximately 90 invited talks given by the PI at 
conferences, universities and national laboratories based on the research funded during 
this period. The works has also been cited over 3500 times(Science citation index) 

Research Overview of the Entire Funding Period

During this funding period we have concentrated on understanding the process of nucle- 
ation and the phenomenon of earthquakes and how they are connected. We have, for the 
most part, used simple models to understand the underlying physics. In our earthquake 
research we have compared our model results with real data, mostly from California. For 
nucleation we have compared our theory with experiments where possible and with exten­
sive simulations where experimental data is not available. The models of earthquake faults 
we used had long range stress transfer to mimic the long range nature of the elastic force. 
In nucleation we also concentrated on systems with long range interactions since we are
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interested in nucleation of cracks in rocks as well as nucleation of solid from molten rock. 
Our primary results are:

I. Earthquakes
1) We have found that the driven dissipative models which reach a steady state cannot be 
described by equilibrium methods for short range stress transfer but can be described by 
equilibrium methods when the stress transfer range is infinite. For long, but finite range, 
stress transfer the models are in a state which we refer to a punctuated equilibrium. In 
this state the system behaves as if it is in equilibrium for a time until a very large event 
forces the system out of equilibrium. We test whether the system is equilibrium using a 
metric suggested by Thirumali and Mountain and we find that the system is indeed in a 
state of punctuated equilibrium. The discussion of these results and original references 
can be found in reference 3 in the Review Article part of the Bibliography. In addition we 
have used a similar metric to find that the Southern California fault system is also in a 
state of punctuated equilibrium. This result can be found in reference 25 in the refereed 
articles part of the Bibliography.
2) In the models we find that the Gutenburg-Richter(GR) scaling is due to the existence 
of a spinodal. Using spinodal scaling we get good agreement with the measured value on 
real fault systems for single faults. However it should be stressed that the scaling usually 
quoted is for fault systems or even the entire earth. In general this is not the scaling seen 
on a single fault. We have proposed that this apparent conflict can be resolved by noting 
that the GR scaling is simply calculated by adding up the number of events of a given 
magnitude over all of the faults in the system. In real faults the stress dissipation varies 
from fault to fault. In the model the change of stress dissipation moves the system further 
from the spinodal. However, there is data collapse so that all data falls on the same master 
curve if the variables are scaled properly. This allows us to calculate the GR scaling for 
fault systems from the model giving support to the result that a spinodal is the cause of 
GR scaling. These results are found in reference 57 in the refereed articles part of the 
Bibliography.
3) We have developed a forecasting algorithm that allows us to estimate the probability of 
large events based of the past history of smaller events. The details of this development 
are complicated but they can be found in references 20, 33, and 40 in the refereed articles 
part of the Bibliography. There are several other papers that discuss these methods but 
these three, and the references therein, contain the basic information.
4) We have also used simple models to investigate the role of asperities in determining 
the statistics of and possible ability to forecast earthquakes. Asperities are strong areas of 
the fault that can hold a large amount of stress. The simple models we use generally are 
lattice models that have a failure threshold and a residual stress on each site. We initiate 
the model by distributing stress at random to each site. We then check a site too see if 
the stress on the site is greater than the failure threshold. If not we move on to the next 
site. If the stress is greater than the failure threshold the stress is reduced to the residual 
stress plus a small random stress, we will refer to as noise, and we dissipate(throw away) 
a fraction a, less than one. We then distribute the remaining stress to the neighbors. As 
stated above there will be many neighbors since we deal mainly with long range stress
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transfer. We continue this process, visiting each site in turn, until no site has a stress 
greater than the failure threshold. We then reload the system by finding the site with the 
largest stress and adding the amount of stress that brings the site to failure. We add the 
same amount of stress to every site in the system. We then count the number of sites that 
fail between reloads.
To add asperities we select a small fraction of the sites to make the failure threshold 
much larger than the threshold of the majority of sites. The sites with the larger failure 
threshold(asperities) will act as sinks of stress until they fail and release a large amount of 
stress into the system. The addition of asperities leads to the addition of foreshocks and 
aftershocks into the system. We can, by manipulating both the number and distribution 
of the failure threshold size, obtain Omori’s law and foreshocks that appear to have a 
accelerating “moment release” to failure. This study, as well as the ones discussed above, 
makes clear that the observed distribution of earthquakes is a result of an interaction of 
the fault structure with an underlying critical point(spinodal). The study of asperities is 
discussed in references 64 and 66 in the refereed articles part of the Bibliography.
5) The results of the studies on models that we have discussed so far have come from 
cellular automata(CA). The question then arises as to whether the addition of inertia and 
friction changes the results. We tested this by examining the Burridge-Knopoff(BK) model 
which is a block and spring model set on a surface with a velocity weakened friction force. 
This model is governed by Newtons equations and hence includes inertia. Whether the BK 
model gives the same results as the CA models depends on the way that the friction force 
is weakened with velocity. The take away message is that friction and inertia may change 
results and that the nature of friction on real faults must be accurately determined. These 
results are found in reference 47 in the refereed articles part of the Bibliography.

II. Nucleation, Glass Transition, Unstable State Evolution
1) We are interested in nucleation in systems with long range interactions. This means 
that the nucleation will generally take place near the spinodal. In the first project we are 
interested in how the spinodal appears in systems with long, but finite range, interactions. 
The reason is that spinodals only exist in systems with infinite range interactions. We 
determined that the spinodal has an associated Lee-Yang theorem. That is, in Ising models, 
there are zeros of the partition function in the complex temperature and complex magnetic 
field space that move toward the real temperature - magnetic field plane as the range of 
interaction diverges. As with the Lee-yang theorem this allows us to understand how 
the “spinodal” (which we will refer to as a pseudo-spinodal(ps) for long but finite range 
interactions) affects the system. That is the ps acts like a true spinodal unless one gets 
too close. The details of this study can be found in reference 26 in the refereed articles 
part of the Bibliography.
2) We studied the structure of fluctuations near the spinodal. To do this we used a mapping 
we developed to express the thermal spinodal critical point as a percolation problem. We 
found that fluctuations near the spinodal are related to the nucleation droplet in an unusual 
way. That is, nucleation is a process of a coalescence of clusters rather than the adding 
of one particle at a time as postulated in the classical Becker-Doering theory. Unlike the 
classical theory where the interior of the nucleation droplet is compact and has the same
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structure as the stable phase the nucleation droplet near the spinodal is ramified. That is 
it has a fractal structure and the density difference between the center of the droplet and 
the metastable state goes to zero as the spinodal is approached. The details can be found 
in reference 12 in the refereed articles part of the Bibliography.

3) In most studies of nucleation we assume that the metastable state can be treated as if 
it were an equilibrium state. This is a good approximation if the metastable state is long 
lived. However if the system is quenched deeply enough into the metastable state then the 
nucleation barrier is low enough so that nucleation occurs on a time scale too short for the 
system to come into a metastable equilibrium. The first question we approached is how 
does a system come into equilibrium. To test this we used the mapping of the thermal 
problem onto a cluster or percolation problem. We then asked what was the time scale 
associated with clusters of a size s to come to equilibrium. We found that the time t ~ sx 
where x varied with the dimension of space. The details can be found in reference 46 in 
the refereed articles part of the Bibliography.
4) We studied the nucleation process near the spinodal of a fluid metastable with respect to 
the solid. Here the theory predicts that the structure of the nucleation droplet is modified 
by the proximity of the spinodal. Rather than the classical droplet which will have an 
interior structure identical to that of the stable phase the droplet near the spinodal can 
only have one of a few structures specified by a symmetry condition. These structures are 
bcc, stacked planes with an in plane hexagonal structure and what we refer to as an onion 
structure droplet. The onion structure is rotationally symmetric but the density has a 
damped oscillation as one moves out from the droplet center. The actual structure of the 
droplet depends on the details of the potential.
We have found these structures in Lennard-Jones systems(bcc), a modified embedded atom 
potential for nickel(stacked planes) and a simple model for an austenite to martensite 
transition(possible onion structure). The details can be found in references 12, 15, 17, 27, 
30, 42 and 49 in the refereed articles part of the Bibliography.

5) We also studied the process of transient nucleation near the spinodal and found that the 
droplet was more compact than what one finds in spinodal nucleation when the equilibrium 
approximation is valid. The details can be found in reference 41 in the refereed articles 
part of the Bibliography.

6) We studied the evolution of the system when quenched into the unstable region of the 
phase diagram. In Ising models we found that the spatial structure evolved by the evolution 
of localized clusters. This predicts that the linear, or Cahn, Hilliard, Cook theory breaks 
down at small length scales first. For the fluid unstable with respect to the solid we find 
the unusual case that the initial evolution is non-linear and there is a crossover to linear 
behavior at a somewhat later time and finally a late stage non linear behavior.The details 
can be found in references 48 and 49 in the refereed articles part of the Bibliography.

7) We studied the glass transition in a two component Lennard-Jones Fluid. We found 
that the glass transition was caused by the formation of long lived structures near the 
spinodal of the supercooled liquid. The clusters scale in the same way clusters scale near 
the spinodal in supercooled Ising models. The details can be found in reference 7 in the 
refereed articles part of the Bibliography.
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Research of the Past Four Years

During the funding period we investigated the nature of the nucleation process in simple 
models that contained the physics expected in rock masses. In particular this included 
long range interactions that are associated with elasticity and defects that will act as 
nucleation sites. We investigated both homogeneous nucleation (the process by which the 
droplet that initiates the decay of the metastable state arises via spontaneous fluctuations) 
and heterogeneous nucleation (where the droplet that initiates the decay of the metastable 
state is initiated on a defect or surface). We obtained the following results.

1. Many driven threshold systems display a spectrum of nucleation event sizes, often 
characterized by power-law scaling. An important problem is to compute probabilities of 
the largest events. We develop a data-driven approach to the problem by transforming 
to the event index frame, and relating this to Shannon information. For earthquakes 
nucleation, we find the 12-month probability for magnitude m^6 earthquakes in California 
increases from about 30% after the last event, to 40%50% prior to the next one1.

2. Natural earthquake fault systems are highly nonhomogeneous. The inhomogeneities 
occur because the earth is made of a variety of materials which hold and dissipate stress 
differently. In this work, we study scaling of nucleation events in earthquake fault models 
which are variations of the Olami-Feder-Christensen and Rundle-Jackson-Brown models. 
We use the scaling to explore the effect of spatial inhomogeneities due to damage and inho­
mogeneous stress dissipation in the earthquake-fault-like systems when the stress transfer 
range is long, but not necessarily longer than the length scale associated with the inho­
mogeneities of the system. We find that the scaling depends not only on the amount of 
damage, but also on the spatial distribution of that damage2.

3. Nucleation of cracks is influenced by noise as is all other variations of the nucleation 
problem. With cracks however the noise would involve the dissipation of stress which can 
be influenced by the size of the crack opening. In this case the noise would be multiplicative 
rather than additive. However, the influence of multiplicative noise on ensemble averages 
is not understood when the noise is multiplicative. We studied the effect of ensemble 
averaging on multiplicative noise using geometric Brownian motion. Geometric Brownian 
motion (GBM) is a model for systems as varied as financial instruments and populations. 
The statistical properties of GBM are complicated by nonergodicity, which can lead to 
ensemble averages exhibiting exponential growth while any individual trajectory collapses 
according to its time average. We find that time averages get closer to ensemble averages 
the larger the number of systems averaged over in the ensemble3. 4 * *

4. As stated above we are studying systems with long range interactions consistent with 
the elastic force present in rock masses. In such systems there is a spinodal that affects the
structure of he critical or nucleation droplet. How this structure is modified in the freezing 
transition in which crystalline rock forms from the molten structure is not completely
understood. We studied homogeneous nucleation from a deeply quenched metastable liquid 
to a spatially modulated phase. We found, for a general class of density functional theories,
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that the universally favored nucleating droplet in dimensions d ? 3 is spherically symmetric 
with radial modulations resembling the layers of an onion. The existence of this droplet 
has important implications for systems with long-range interactions, and in addition to 
nucleation in rock it potentially also applies to polymers, plasmas, and metals4.

5. We expect the nucleation of earthquakes to be heterogeneous so that it will depend 
on the fault structure. We studied the effect of various arrangements of asperities on the 
statistics of earthquake nucleation. We found that a distribution of both asperity strengths 
and spatial locations resulted in foreshocks as well as aftershocks. The aftershocks appear 
tot obey Omori’s law5.

6. As stated above the long range interaction results in the existence of a spinodal that 
influences the nucleation process. The properties of the droplet are affected by scaling 
properties and critical exponents in the vicinity of the spinodal. We investigate these 
properties in the fully connected Ising model. Although the fully connected Ising model 
does not have a length scale, we showed that the critical exponents for thermodynamic 
quantities such as the mean magnetization and the susceptibility can be obtained using 
finite size scaling with the scaling variable equal to N, the number of spins. Surprisingly, the 
mean value and the most probable value of the magnetization are found to scale differently 
with N at the critical temperature of the infinite system, and the magnetization probability 
distribution is not a Gaussian, even for large N. Similar results inconsistent with the usual 
understanding of mean-field theory were found at the spinodal. We related these results to 
the breakdown of hyperscaling and show that hyperscaling can be restored by increasing 
N while holding the Ginzburg parameter rather than the temperature fixed, or by doing 
finite size scaling at the pseudocritical temperature where the susceptibility is a maximum 
for a given value of N. We conclude that finite size scaling for the fully connected Ising 
model yields different results depending on how the mean-field limit is approached. 7

7. Many models of earthquake faults have been introduced that connect Gutenberg-Richter 
(GR) scaling to triggering or nucleation processes. However, natural earthquake fault 
systems are composed of a variety of different geometries and materials and the associated 
heterogeneity in physical properties can cause a variety of spatial and temporal behaviors. 
This raises the question of how the nucleation process and the structure interact to produce 
the observed phenomena. We investigated a simple earthquake fault model based on the 
Olami-Feder-Christensen and Rundle-Jackson-Brown cellular automata models with long- 
range inter- actions that incorporates a fixed percentage of stronger sites, or asperity 
cells, into the lattice. These asperity cells are significantly stronger than the surrounding 
lattice sites but eventually rupture when the applied stress reaches their higher threshold 
stress. The introduction of these spatial heterogeneities results in temporal clustering 
in the model that mimics that seen in natural fault systems along with GR scaling. In 
addition, we observed sequences of activity that start with a gradually accelerating number 
of larger events (foreshocks) prior to a main shock that is followed by a tail of decreasing 
activity (aftershocks). This work provides further evidence that the spatial and temporal 
patterns observed in natural seismicity are strongly influenced by the underlying physical
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properties and are not solely the result of a simple cascade mechanism. Although the 
paper was published in 2015 most of the work was done during the funding period.

8. Since the systems we study have defects we need to understand the effect of defects on 
the spinodal. This study was done on Ising models where we introduced vacancies and 
studied there effect on the properties of the spinodal. One conclusion is that defects move 
the location of the spinodal further from the coexistence curve but the exponents at the 
spinodal remain the same as the model without dilution. In addition we examined the 
nucleation droplet in the spinodal region and found a similar structure to the pure system 
without dilution8.

9. We have done a study of the effect of different shapes of impurities on the shape and 
probability of the nucleation droplet near the spinodal. This was performed on the Ising 
model where we placed the system in a metastable state with the majority of the spins 
are in the up direction. We then fixed groups of spins in the down direction(the direction 
of the stable state) in different configurations and sizes of groups. We found that near 
the spinodal the extended or ramified structures were more efficient in that ramified, or 
fractal like, structures would decrease the metastable state lifetime by a larger amount 
than compact structures of the same size9.

Papers Referenced in the Description of Research in Last Four Funding Years

1. J. B. Rundle, J. R. Holliday, W. R. Graves, D. L. Turcotte, K. F. Tiampo and W. 
Klein, “Probabilities for Large Events in Driven Threshold Systems” Physical Review E
86, 021106 (2012
2. R. Dominguez, K. F. Tiampo, C.Serino and W. Klein, “Scaling of Earthquake Models 
with Inhomogeneous Stress Dissipation” Physical Review E87, 022809 (2013)
3. O.Peters and W. Klein, “Ergodicity Breaking in Geometric Brownian Motion” Physical 
Review Letters, 110, 100603 (2013)
4. K. Barros and W. Klein, “Liquid to Solid Nucleation via Onion Structure Droplets” 
Journal of Chemical Physics 139, 174505 (2013)
5. J. Kazemian, R. Dominguez, K. Tiampo and W. Klein, “Spatial Heterogeniety in 
Earthquake Fault-Like Systems”, Pure and Applied Geophysics DOI 10.1007/s00024-014- 
0843-6, (2014)
6. L. Colonna-Romano, H. Gould and W. Klein, “Anomalous Mean-Field Behavior of the 
Fully Connected Ising Model”, Physical Review E, 90, 042111 (2014)
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in Simple Earthquake Models” Physical Review Letters 114, 088501(2015)
8. K. Liu, W. Klein and C. A. Serino, “The Effect of Disorder on Metastable States” 
Physical Review E (in preparation)
9. N. Gulbahce, W. Klein and H. Gould, “Heterogeniety in Classical and Non-Classical 
Nucleation” Physical Review E. (submitted for publication)con- mat. 0407304
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Graduate and Post Docs Students Funded Fully or Partially During the Funding Period

GRADUATE STUDENTS, Thesis Titles and Current Position
Charles Ferguson, Ph.D. 1996, “Theoretical and Numerical Studies of Models of Earth­
quake Faults”, President of the Federation of American Scientists
Cyril Muratov, Ph.D. 1997 “Structure in Systems with Long Range Interactions of the 
Coulombic Type”, Professor New Jersey Institute of Technology
Aaron Schweiger Ph.D. 2007 “Phase Transition Kinetics in Driven Dissipative Systems”, 
Quantatative Research, Trade Informatics LLC
Aaron Santos Ph.D. 2007 “Nucleation and Instabilities in Biological Molecules” Professor 
Simpson College
Kipton Barros Ph. D. 2009 “Phase Transitions in Systems with Long-Range Interactions”, 
Technical Staff Member, Los Alamos National Laboratory.
Rachele Dominguez Ph. D 2009 “Early Evolution of Symmetry Breaking Phase Transi­
tions” , Professor, Randolph Macon College
Christopher Serino Ph.D 2012 “Statistical Properties of Systems with Damage and De­
fects” Scientist, MIT Lincoln Laboratory
Kang Liu Ph.D 2013 “The Effect of Damage on Nucleation” Post Doc Brandeis University 
(Michael Hagen Advisor)
Tyler Xuan Gu 2016 “Modified Earthquake Olami, Feder, Christensen Model with Low 
Noise, Asperities and Inhibitions”
James Silva 2016 “ The Role of Heterogeniety in Long-Range Interacting Systems: From 
Nucleation To Earthquake Fault Systems” Scientist, SAS
Nick Lubbers 2016 “Statistical Mechanical Model of Economics” Post Doc, Los Alamos 
National Laboratory
Rashi Verma(current student) TBA 
Patrick Greene (current student) TBA

CO - DIRECTED STUDENTS
Greg. Johnson, Ph.D. 2002 (Advisor - H. Gould, Clark University) “Near Mean-Field 
Effects in Fragile Glass Formers” , Scientist, Google
Natali. Gulbahce, Ph.D. 2005 (Advisor - H. Gould, Clark University) “Phase Transitions 
in Systems with Long-Range Interactions”, Scientist, Genomic Health Inc.
Jun. Xia, Ph.D. 2006, (Advisor H. Gould, Clark University) “Computer Simulations of 
Statistical Models of Earthquakes”, Research Scientist, Carnegie Mellon
Hui Wang Ph.D. 2007 (Advisor H. Gould, Clark University) “Nucleation in Ising Models, 
Lennard-Jones Liquids and the FPU Problem”, Analyst Goldman Sachs
Ranjit Chacko(Advisor H. Gould, Clark University) (TBA)

POST-DOCTORAL FELLOWS
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Frank J. Alexander, Oct. 1996-Sept. 1998, Technical Staff Member, Los Alamos National 
Laboratory.
Marian Anghel, Sept. 1998 - Sept. 2000, Technical Staff Member, Los Alamos National 
Laboratory.
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